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From quadratic Hamiltonians of polymomenta to
abstract geometrical Maxwell-like and
Einstein-like equations
Alexandru Oana˘ and Mircea Neagu
Abstract
The aim of this paper is to create a large geometrical background on
the dual 1-jet space J1∗(T ,M) for a multi-time Hamiltonian approach
of the electromagnetic and gravitational physical fields. Our geometric-
physical construction is achieved starting only from a given quadratic
Hamiltonian function
H = hab(t)g
ij(t, x)pai p
b
j + U
(i)
(a)(t, x)p
a
i + F(t, x)
which naturally produces a canonical nonlinear connection N , a canonical
Cartan N-linear connection CΓ (N) and their corresponding local distin-
guished (d-) torsions and curvatures. In such a context, we construct
some geometrical electromagnetic-like and gravitational-like field theories
which are characterized by some natural geometrical Maxwell-like and
Einstein-like equations. Some abstract and geometrical conservation laws
for the multi-time Hamiltonian gravitational physical field are also given.
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1 Distinguished Riemannian geometrization of
metrical multi-time Hamilton spaces
Recently, the studies of Atanasiu and Neagu (see the papers [2], [3] and [4]) initi-
ated the new way of distinguished Riemannian geometrization for Hamiltonians
depending on polymomenta, which represents in fact a natural ”multi-time”
extension of the already classical Hamiltonian geometry on cotangent bundles
(synthesized in the Miron et al.’s book [13]). In what follows, we expose the
main geometrical ideas which characterize the distinguished Riemannian geo-
metrical approach of Hamiltonians depending on polymomenta (see for details
the Oana˘ and Neagu’s papers [15], [16]).
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Let us consider that h = (hab (t)) is a semi-Riemannian metric on the ”multi-
time” (temporal) manifold T m, where m = dim T . Let g =
(
gij(tc, xk, pck)
)
be
a symmetric d-tensor on the dual 1-jet space E∗ = J1∗(T ,M), which has the
rank n = dimM and a constant signature. At the same time, let us consider a
smooth multi-time Hamiltonian function
E∗ ∋ (ta, xi, pai )→ H(t
a, xi, pai ) ∈ R,
which yields the fundamental vertical metrical d-tensor
G
(i)(j)
(a)(b) =
1
2
∂2H
∂pai ∂p
b
j
,
where a, b = 1, ..,m and i, j = 1, ..., n.
Definition 1 A multi-time Hamiltonian function H : E∗ → R, having the
fundamental vertical metrical d-tensor of the form
G
(i)(j)
(a)(b)(t
c, xk, pck) =
1
2
∂2H
∂pai ∂p
b
j
= hab(t
c)gij(tc, xk, pck),
is called a Kronecker h-regular multi-time Hamiltonian function.
In this context, we introduce the following important geometrical concept:
Definition 2 A pair MHnm = (E
∗ = J1∗(T ,M), H), where m = dim T and
n = dimM, consisting of the dual 1-jet space and a Kronecker h-regular multi-
time Hamiltonian function H : E∗ → R, is called a multi-time Hamilton
space.
Example 3 Let us consider the Kronecker h-regular multi-time Hamiltonian
function H1 : E
∗ → R, given by
H1 =
1
4mc
hab(t)ϕ
ij(x)pai p
b
j , (1)
where hab(t) (ϕij(x), respectively) is a semi-Riemannian metric on the temporal
(spatial, respectively) manifold T (M , respectively) having the physical mean-
ing of gravitational potentials, and m and c are the known constants from
Theoretical Physics representing the mass of the test body and the speed of
light. Then, the multi-time Hamilton space GMHnm = (E
∗, H1) is called the
multi-time Hamilton space of the gravitational field.
Example 4 If we consider on E∗ a symmetric d-tensor field gij(t, x), having
the rank n and a constant signature, we can define the Kronecker h-regular
multi-time Hamiltonian function H2 : E
∗ → R, by setting
H2 = hab(t)g
ij(t, x)pai p
b
j + U
(i)
(a)(t, x)p
a
i + F(t, x), (2)
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where U
(i)
(a)(t, x) is a d-tensor field on E
∗, and F(t, x) is a function on E∗. Then,
the multi-time Hamilton space NEDMHnm = (E
∗, H2) is called the non-auto-
nomous multi-time Hamilton space of electrodynamics. The dynamical
character of the gravitational potentials gij(t, x) (i.e., the dependence on the
temporal coordinates tc) motivated us to use the word ”non-autonomous”.
An important role for the subsequent development of our distinguished Rie-
mannian geometrical theory for multi-time Hamilton spaces is represented by
the following result (proved in the paper [2]):
Theorem 5 If we have m = dim T ≥ 2, then the following statements are
equivalent:
(i) H is a Kronecker h-regular multi-time Hamiltonian function on E∗.
(ii) The multi-time Hamiltonian function H reduces to a multi-time Hamil-
tonian function of non-autonomous electrodynamic type. In other words, we
have
H = hab(t)g
ij(t, x)pai p
b
j + U
(i)
(a)(t, x)p
a
i + F(t, x). (3)
Corollary 6 The fundamental vertical metrical d-tensor of a Kronecker h-
regular multi-time Hamiltonian function H has the form
G
(i)(j)
(a)(b) =
1
2
∂2H
∂pai ∂p
b
j
=
{
h11(t)g
ij(t, xk, p1k), m = dim T = 1
hab(t
c)gij(tc, xk), m = dim T ≥ 2.
(4)
Following now the Miron’s geometrical ideas from [13], the paper [2] proves
that any Kronecker h-regular multi-time Hamiltonian function H produces a
natural nonlinear connection on the dual 1-jet space E∗, which depends only by
the given Hamiltonian function H :
Theorem 7 The pair of local functions N =
(
N
1
(a)
(i)b, N2
(a)
(i)j
)
on E∗, where (χabc
are the Christoffel symbols of the semi-Riemannian temporal metric hab)
N
1
(a)
(i)b = χ
a
bcp
c
i ,
N
2
(a)
(i)j =
hab
4
[
∂gij
∂xk
∂H
∂pbk
−
∂gij
∂pbk
∂H
∂xk
+ gik
∂2H
∂xj∂pbk
+ gjk
∂2H
∂xi∂pbk
]
,
represents a nonlinear connection on E∗. This is called the canonical non-
linear connection of the multi-time Hamilton space MHnm = (E
∗, H).
Taking into account the Theorem 5 and using the generalized spatial Christof-
fel symbols of the d-tensor gij , which are given by
Γkij =
gkl
2
(
∂gli
∂xj
+
∂glj
∂xi
−
∂gij
∂xl
)
,
we immediately obtain the following geometrical result:
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Corollary 8 For m = dim T ≥ 2, the canonical nonlinear connection N of
a multi-time Hamilton space MHnm = (E
∗, H), whose Hamiltonian function is
given by (3), has the components
N
1
(a)
(i)b = χ
a
bcp
c
i , N
2
(a)
(i)j = −Γ
k
ijp
a
k + T
(a)
(i)j ,
where
T
(a)
(i)j =
hab
4
(Uib•j + Ujb•i) , (5)
and
Uib = gikU
(k)
(b) , Ukb•r =
∂Ukb
∂xr
− UsbΓ
s
kr .
The canonical nonlinear connection N =
(
N
1
(a)
(i)b, N2
(a)
(i)j
)
on E∗ allows us the
construction of the adapted bases{
δ
δta
,
δ
δxi
,
∂
∂pai
}
⊂ χ (E∗) ,
{
dta, dxi, δpai
}
⊂ χ∗ (E∗) ,
where
δ
δta
=
∂
∂ta
−N
1
(b)
(j)a
∂
∂pbj
,
δ
δxi
=
∂
∂xi
−N
2
(b)
(j)i
∂
∂pbj
,
δpai = dp
a
i +N1
(a)
(i)bdt
b +N
2
(a)
(i)jdx
j .
(6)
The main result of the metrical multi-time Hamilton geometry is the Theo-
rem of existence of the Cartan canonical h-normal N -linear connection CΓ (N)
(see [16]) which allows the subsequent development of our metrical multi-time
Hamilton theory of physical fields.
Theorem 9 (the Cartan canonical N-linear connection) On the metrical
multi-time Hamilton spaceMHnm = (J
1∗(T ,M), H), endowed with the canonical
nonlinear connection N, there exists an unique h-normal N -linear connection
CΓ(N) =
(
χabc, A
i
jc, H
i
jk, C
i(k)
j(c)
)
,
having the metrical properties:
(i) gij|k = 0, g
ij |
(k)
(c) = 0,
(ii) Aijc =
gil
2
δglj
δtc
, Hijk = H
i
kj , C
i(k)
j(c) = C
k(i)
j(c) ,
where ”/a”, ”|k” and ”|
(k)
(c)” represent the local covariant derivatives of CΓ(N).
Moreover, the adapted local coefficients Hijk and C
i(k)
j(c) of the Cartan canonical
connection CΓ(N) have the expressions
Hijk =
gir
2
(
δgjr
δxk
+
δgkr
δxj
−
δgjk
δxr
)
, C
j(k)
i(c) = −
gir
2
(
∂gjr
∂pck
+
∂gkr
∂pcj
−
∂gjk
∂pcr
)
.
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Remark 10 (i) The Cartan canonical connection CΓ(N) of the multi-time
Hamilton space MHnm verifies also the metrical properties
hab/c = hab|k = hab|
(k)
(c) = 0, gij/c = 0.
(ii) In the case m = dim T ≥ 2, the adapted coefficients of the Cartan
canonical connection CΓ(N) of the multi-time Hamilton space MHnm reduce to
Aabc = χ
a
bc, A
i
jc =
gil
2
∂glj
∂tc
, Hijk = Γ
i
jk, C
i(k)
j(c) = 0. (7)
Applying the formulas that determine the local d-torsions and d-curvatures
of an h-normal N -linear connection DΓ(N) (see [15]) to the Cartan canonical
connection CΓ(N), we obtain (see [16]):
Theorem 11 The torsion tensor T of the Cartan canonical connection CΓ(N)
of the multi-time Hamilton space MHnm is determined by the adapted local d-
components
hT hM v
m ≥ 1 m = 1 m ≥ 2 m = 1 m ≥ 2
hT hT 0 0 0 0 R
(f)
(r)ab
hMhT 0 T
r
1j T
r
aj R
(1)
(r)1j R
(f)
(r)aj
vhT 0 0 0 P
(1) (j)
(r)1(1) P
(f) (j)
(r)a(b)
hMhM 0 0 0 R
(1)
(r)ij R
(f)
(r)ij
vhM 0 P
r(j)
i(1) 0 P
(1) (j)
(r)i(1) 0
vv 0 0 0 0 0
where
(i) for m = dim T = 1, we have
T r1j = −A
r
j1, P
r(j)
i(1) = C
r(j)
i(1) , P
(1) (j)
(r)1(1) =
∂N
1
(1)
(r)1
∂p1j
+Ajr1 − δ
j
rχ
1
11,
P
(1) (j)
(r)i(1) =
∂N
2
(1)
(r)i
∂p1j
+Hjri, R
(1)
(r)1j =
δN
1
(1)
(r)1
δxj
−
δN
2
(1)
(r)j
δt
,
R
(1)
(r)ij =
δN
2
(1)
(r)i
δxj
−
δN
2
(1)
(r)j
δxi
;
(ii) for m = dim T ≥ 2, using the equality (5) and the notations
χcfab =
∂χcfa
∂tb
−
∂χcfb
∂ta
+ χdfaχ
c
db − χ
d
fbχ
c
da,
R
r
kij =
∂Γrki
∂xj
−
∂Γrkj
∂xi
+ ΓpkiΓ
r
pj − Γ
p
kjΓ
r
pi,
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we have
T raj = −A
r
ja, P
(f) (j)
(r)a(b) = δ
f
bA
j
ra, R
(f)
(r)ab = χ
f
gabp
g
r ,
R
(f)
(r)aj = −
∂N
2
(f)
(r)j
∂ta
− χfcaT
(c)
(r)j ,
R
(f)
(r)ij = −R
k
rijp
f
k +
[
T
(f)
(r)i|j − T
(f)
(r)j|i
]
.
Theorem 12 The curvature tensor R of the Cartan connection CΓ(N) of the
multi-time Hamilton space MHnm is determined by the following adapted local
curvature d-tensors:
hT hM v
m ≥ 1 m = 1 m ≥ 2 m = 1 m ≥ 2
hT hT χ
d
abc 0 R
l
ibc 0 −R
(d)(i)
(l)(a)bc
hMhT 0 R
l
i1k R
l
ibk −R
(1)(l)
(i)(1)1k = −R
l
i1k −R
(d)(i)
(l)(a)bk
vhT 0 P
l (k)
i1(1) 0 −P
(1)(l) (k)
(i)(1)1(1) = −P
l (k)
i1(1) 0
hMhM 0 R
l
ijk R
l
ijk −R
(1)(l)
(i)(1)jk = −R
l
ijk −R
(d)(i)
(l)(a)jk
vhM 0 P
l (k)
ij(1) 0 −P
(1)(l) (k)
(i)(1)j(1) = −P
l (k)
ij(1) 0
vv 0 S
l(j)(k)
i(1)(1) 0 −S
(1)(l)(j)(k)
(i)(1)(1)(1) = −S
l(j)(k)
i(1)(1) 0
where, for m = dim T ≥ 2, we have the relations
−R
(d)(i)
(l)(a)bc = δ
i
lχ
d
abc − δ
d
aR
i
lbc, −R
(d)(i)
(l)(a)bk = −δ
d
aR
i
lbk, −R
(d)(l)
(i)(a)jk = −δ
d
aR
l
ijk,
and, generally, the following formulas are true:
(i) for m = dim T = 1, we have
χ1111 = 0,
Rli1k =
δAli1
δxk
−
δH lik
δt
+Ari1H
l
rk −H
r
ikA
l
r1 + C
l(r)
i(1)R
(1)
(r)1k,
Rlijk =
δH lij
δxk
−
δH lik
δxj
+HrijH
l
rk −H
r
ikH
l
rj + C
l(r)
i(1)R
(1)
(r)jk,
P
l (k)
i1(1) =
∂Ali1
∂p1k
− C
l(k)
i(1)/1 + C
l(r)
i(1)P
(1) (k)
(r)1(1) ,
P
l (k)
ij(1) =
∂H lij
∂p1k
− C
l(k)
i(1)|j + C
l(r)
i(1)P
(1) (k)
(r)j(1) ,
S
l(j)(k)
i(1)(1) =
∂C
l(j)
i(1)
∂p1k
−
∂C
l(k)
i(1)
∂p1j
+ C
r(j)
i(1)C
l(k)
r(1) − C
r(k)
i(1) C
l(j)
r(1);
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(ii) for m = dim T ≥ 2, we have
χdabc =
∂χdab
∂tc
−
∂χdac
∂tb
+ χfabχ
d
fc − χ
f
acχ
d
fb,
Rlibc =
∂Alib
∂tc
−
∂Alic
∂tb
+AribA
l
rc −A
r
icA
l
rb,
Rlibk =
∂Alib
∂xk
−
∂Γlik
∂tb
+AribΓ
l
rk − Γ
r
ikA
l
rb,
R
l
ijk =
∂Γlij
∂xk
−
∂Γlik
∂xj
+ ΓrijΓ
l
rk − Γ
r
ikΓ
l
rj.
In the next Sections, following the physical and geometrical ideas of the al-
ready classical Lagrangian geometry of physical fields (see [12], [13] and [14]),
we construct a possible multi-time Hamiltonian approach of the electromag-
netic and gravitational physical fields, which is characterized by some natural
geometrical Maxwell-like and Einstein-like equations. To reach this aim, we
consider a multi-time Hamilton space MHnm =
(
J1∗ (T,M) , H
)
endowed with
its canonical nonlinear connection
N =
(
N
1
(a)
(i)b, N2
(a)
(i)j
)
,
and we also consider the Cartan canonical connection of the spaceMHnm, which
is locally expressed by
CΓ(N) =
(
χabc, A
i
jc, H
i
jk, C
i(k)
j(c)
)
.
2 Multi-time Hamilton electromagnetism. Ge-
ometrical Maxwell-like equations
Let us consider the canonical Liouville-Hamilton d-tensor field of polymomenta
C
∗= pai
∂
∂pai
,
together with the fundamental vertical metrical d-tensor G
(i)(j)
(a)(b) of the multi-
time Hamilton spaces MHnm. These geometrical objects allow us to construct
the metrical deflection d-tensors
∆
(i)
(a)b = G
(i)(k)
(a)(c)∆
(c)
(k)b = p
(i)
(a)/b, ∆
(i)
(a)j = G
(i)(k)
(a)(c)∆
(c)
(k)j = p
(i)
(a)|j,
ϑ
(i)(j)
(a)(b) = G
(i)(k)
(a)(c)ϑ
(c)(j)
(k)(b) = p
(i)
(a)|
(j)
(b),
where p
(i)
(a) =G
(i)(k)
(a)(c)p
c
k and ”/b”, ”|j” and ”|
(j)
(b)” are the local covariant derivatives
induced by the Cartan connection CΓ(N).
Taking into account the expressions of the local covariant derivatives of the
Cartan connection CΓ(N) (see the paper [15]), by a direct calculation, we obtain
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Proposition 13 The metrical deflection d-tensors of the multi-time Hamilton
spaces MHnm have the expresions:
(i) for m = dim T =1, we have
∆
(i)
(1)1 = −h11g
ikArk1p
1
r, ∆
(i)
(1)j = h11g
ik
[
−N
2
(1)
(k)j −H
r
kjp
1
r
]
,
ϑ
(i)(j)
(1)(1) = h11g
ij − h11gikC
r(j)
k(1)p
1
r;
(8)
(ii) for m = dim T ≥ 2, we have
∆
(i)
(a)b = −hacg
ikArkbp
c
r, ∆
(i)
(a)j = −
gik
4
(Uka•j + Uja•k) ,
ϑ
(i)(j)
(a)(b) = habg
ij .
(9)
In order to construct our metrical multi-time Hamiltonian theory of electro-
magnetism, we introduce the following concept:
Definition 14 The distinguished 2-form on J1∗ (T ,M) , locally defined by
F = F
(i)
(a)jδp
a
i ∧ dx
j + f
(i)(j)
(a)(b)δp
a
i ∧ δp
b
j , (10)
where
F
(i)
(a)j =
1
2
[
∆
(i)
(a)j −∆
(j)
(a)i
]
, f
(i)(j)
(a)(b) =
1
2
[
ϑ
(i)(j)
(a)(b) − ϑ
(j)(i)
(a)(b)
]
, (11)
is called the multi-time electromagnetic field of the metrical multi-time
Hamilton space MHnm.
By a straightforward calculation, the Proposition 13 implies
Proposition 15 The components F
(i)
(a)j and f
(i)(j)
(a)(b) of the multi-time electro-
magnetic field F, associated to the multi-time Hamilton space MHnm, have the
following expressions:
(i) in the case m = dim T = 1, we have
F
(i)
(1)j =
h11
2
[
gjkN
2
(1)
(k)i − g
ikN
2
(1)
(k)j +
(
gjkHrki − g
ikHrkj
)
p1r
]
, f
(i)(j)
(1)(1) = 0;
(ii) in the case m = dim T ≥ 2, we have
F
(i)
(a)j =
1
8
[
gjkUka•i − g
ikUka•j + g
jkUia•k − g
ikUja•k
]
, f
(i)(j)
(a)(b) = 0.
The main result of our abstract geometrical Hamilton multi-time electro-
magnetism is given by
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Theorem 16 The electromagnetic components F
(i)
(a)j of the multi-time Hamil-
ton space MHnm are governed by the following geometrical Maxwell-like
equations:
(i) for m = dim T = 1, we have

F
(i)
(1)k/1 =
1
2
A{i,k}
{
∆
(i)
(1)1|k +∆
(i)
(1)rT
r
1k + ϑ
(i)(r)
(1)(1)R
(1)
(r)1k +R
i
r1kp
(r)
(1)
}
∑
{i,j,k} F
(i)
(1)j|k = −
1
2
∑
{i,j,k}
{
ϑ
(i)(r)
(1)(1)R
(1)
(r)jk+R
i
rjkp
(r)
(1)
}
F
(i)
(1)j |
(k)
(1) =
1
2
A{i,j}
{
ϑ
(i)(k)
(1)(1)|j−P
i (k)
rj(1) p
(r)
(1) −∆
(i)
(1)rC
r(k)
j(1) − ϑ
(i)(r)
(1)(1)P
(1) (k)
(r)j(1)
}
;
(ii) for m = dim T ≥ 2, we have

F
(i)
(a)k/b =
1
2
A{i,k}
{
∆
(i)
(a)b|k +∆
(i)
(a)rT
r
bk + ϑ
(i)(r)
(a)(f)R
(f)
(r)bk +R
i
rbkp
(r)
(a)
}
∑
{i,j,k} F
(i)
(a)j|k = −
1
2
∑
{i,j,k}
{
ϑ
(i)(r)
(a)(f)R
(f)
(r)jk+R
i
rjkp
(r)
(a)
}
∑
{i,j,k} F
(i)
(a)j |
(k)
(c) = 0,
where A{i,j} means an alternate sum,
∑
{i,j,k} means a cyclic sum, and we used
the notations p
(i)
(1) = G
(i)(j)
(1)(1)p
1
j and p
(i)
(a) = G
(i)(j)
(a)(b)p
b
j.
Proof. The general Ricci identities (see [15] and [16]) applied to gij lead us to
the equalities:
girR
j
rbk + g
jrRirbk = 0, g
irR
j
rkl + g
jrRirkl = 0,
girP
j (l)
rk(c) + g
jrP
i (l)
rk(c) = 0.
(12)
Let us consider the following non-metrical deflection d-tensor identities ([15]):
(d1) ∆
(d)
(p)b|k −∆
(d)
(p)k/b = p
d
rR
r
pbk −∆
(d)
(p)rT
r
bk − ϑ
(d)(r)
(p)(f)R
(f)
(r)bk,
(d2) ∆
(d)
(p)j|k −∆
(d)
(p)k|j = p
d
rR
r
pjk − ϑ
(d)(r)
(p)(f)R
(f)
(r)jk,
(d3) ∆
(d)
(p)j |
(k)
(c) − ϑ
(d)(k)
(p)(c)|j = p
d
rP
r (k)
pj(c) −∆
(d)
(p)rC
r(k)
j(c) − ϑ
(d)(r)
(p)(f)P
(f) (k)
(r)j(c) ,
where ∆
(a)
(i)b = p
a
i/b, ∆
(a)
(i)j = p
a
i|j , ϑ
(a)(j)
(i)(b) = p
a
i |
(j)
(b).
Contracting the above deflection d-tensor identities with the fundamental
vertical metrical d-tensor G
(i)(p)
(a)(d), and using the equalities (12), we obtain the
following metrical deflection d-tensor identities:
(d′1) ∆
(i)
(a)b|k −∆
(i)
(a)k/b = −p
(r)
(a)R
i
rbk −∆
(i)
(a)rT
r
bk − ϑ
(i)(r)
(a)(f)R
(f)
(r)bk,
(d′2) ∆
(i)
(a)j|k −∆
(i)
(a)k|j = −p
(r)
(a)R
i
rjk − ϑ
(i)(r)
(a)(f)R
(f)
(r)jk,
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(d′3) ∆
(i)
(a)j |
(k)
(c) − ϑ
(i)(k)
(a)(c)|j = −p
(r)
(a)P
i (k)
rj(c) −∆
(i)
(a)rC
r(k)
j(c) − ϑ
(i)(r)
(a)(f)P
(f) (k)
(r)j(c) .
To obtain the first (respectively, the third) geometrical Maxwell-like equa-
tion, we permute the indices i and k in the identity (d′1) (respectively, the indices
i and j in the identity (d′3)), and we subtract this new identity from the initial
one. For m = dim T ≥ 2 we find the following new identity:
F
(i)
(a)j |
(k)
(c) =
1
2
[
ϑ
(i)(k)
(a)(c)|j−ϑ
(j)(k)
(a)(c)|i
]
.
Consequently, doing a cyclic sum by {i, j, k} for m ≥ 2, we obtain what we were
looking for.
Doing a cyclic sum after the indices {i, j, k} in the identity (d′2), it follows
the second geometrical Maxwell-like equation.
3 Multi-time Hamilton gravitational field. Ge-
ometrical Einstein-like equations
Let us consider that h = (hab(t)) is a fixed semi-Riemannian metric on the
temporal manifold T and let
N =
(
N
1
(a)
(i)b, N2
(a)
(i)j
)
be an ”a priori” given nonlinear connection on the dual 1-jet space J1∗(T ,M).
Let
δpai = dp
a
i +N
1
(a)
(i)bdt
b +N
2
(a)
(i)jdx
j
be the vertical distinguished 1-forms adapted to the nonlinear connection N .
An essential element in the development of our abstract geometrical multi-
time Hamilton gravitational theory is given by the following definition:
Definition 17 From an abstract physical point of view, an adapted metrical
d-tensor G on the dual 1-jet space E∗ = J1∗(T ,M), locally expressed by
G = habdt
a ⊗ dtb + gijdx
i ⊗ dxj + habg
ijδpai ⊗ δp
b
j ,
where gij = gij(t
c, xk, xkc ) is a symmetric d-tensor field of rank n = dimM
having a constant signature on E∗ = J1∗(T ,M), is called a multi-time grav-
itational h-potential on E∗.
Now, taking a multi-time Hamilton space MHnm = (E
∗, H), via its funda-
mental vertical metrical d-tensor G
(i)(j)
(a)(b) (which is given by (4)) and its canoni-
cal nonlinear connection N , we naturally construct a corresponding multi-time
gravitational h-potential on E∗, setting
G = habdt
a ⊗ dtb + gijdx
i ⊗ dxj + habg
ijδpai ⊗ δp
b
j .
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At the same time, let us consider that
CΓ(N) =
(
χcab, A
k
jc, H
i
jk, C
i(k)
j(c)
)
is the Cartan canonical connection of the multi-time Hamilton space MHnm.
Postulate. We postulate that the geometrical Einstein-like equations,
which govern the multi-time gravitational h-potential G of the multi-time Hamil-
ton space MHnm, are the abstract geometrical Einstein equations attached to
the Cartan canonical connection CΓ(N) and to the adapted metric G on E∗,
namely
Ric(CΓ) −
Sc(CΓ)
2
G = KT, (13)
where Ric(CΓ) represents the Ricci tensor of the Cartan connection, Sc(CΓ)
is the scalar curvature, K is the Einstein constant and T is an intrinsic
d-tensor of matter, which is called the stress-energy d-tensor of polymo-
menta.
In the adapted basis of vector fields
(XA) =
(
δ
δta
,
δ
δxi
,
∂
∂pai
)
,
which is produced by the canonical nonlinear connection N of the multi-time
Hamilton space MHnm, the curvature tensor R of the Cartan canonical connec-
tion CΓ(N) is locally expressed by
R(XC , XB)XA = R
D
ABCXD.
It follows that we have
RAB = Ric(XA, XB) = R
D
ABD, Sc(CΓ) = G
ABRAB ,
where
GAB =


hab, for A = a, B = b
gij , for A = i, B = j
habgij , for A =
(a)
(i)
, B = (b)
(j)
0, otherwise.
(14)
Taking into account, on the one hand, the form of the metrical d-tensor
G = (GAB) of the multi-time Hamilton space MH
n
m, and, on the other hand,
taking into account the expressions of the local curvature d-tensors attached to
the Cartan canonical connection CΓ (N), by direct computations, we find
Proposition 18 The Ricci tensor Ric(CΓ) of the Cartan canonical connection
CΓ (N) of the multi-time Hamilton space MHnm is determined by the following
adapted components:
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(i) for m = dim T = 1, we have
R11 := χ11 = 0, R1i = R
1
1i1 = 0,
R
(i)
1(1) = −P
1(i)
1(1)1 = 0, Ri1 = R
r
i1r, Rij = R
r
ijr ,
R
(i)
(1)1 := −P
(i)
(1)1 = −P
i (r)
r1(1) , R
(j)
i(1) := −P
(j)
i(1) = −P
r (j)
ir(1) ,
R
(i)(j)
(1)(1) := −S
(i)(j)
(1)(1) = −S
i(j)(r)
r(1)(1), R
(i)
(1)j := −P
(i)
(1)j = −P
i (r)
rj(1) ;
(ii) for m = dim T ≥ 2, we have
Rab := χab = χ
f
abf , Rai = R
f
aif = 0,
R
(j)
a(b) = −P
f (j)
af(b) = 0, Ria = R
r
iar, Rij = R
r
ijr ,
R
(i)(j)
(a)(b) := −S
(i)(j)
(a)(b) = −S
i(j)(r)
r(a)(b) = 0, R
(j)
i(b) := −P
(j)
i(b) = −P
r (j)
ir(b) = 0,
R
(i)
(a)b := −P
(i)
(a)b = −P
i (r)
rb(a) = 0, R
(i)
(a)j := −P
(i)
(a)j = −P
i (r)
rj(a) = 0.
Using the notations χ = habχab, R = g
ijRij and S = h
11gijS
(i)(j)
(1)(1), we
obtain
Corollary 19 The scalar curvature Sc(CΓ) of the Cartan canonical connection
CΓ (N) of the multi-time Hamilton space MHnm is given by the formulas:
(i) for m = dim T = 1, we have Sc(CΓ) = R− S;
(ii) for m = dim T ≥ 2, we have Sc(CΓ) = χ+R.
In this context, the main result of the Hamilton geometrical multi-time grav-
itational theory is offered by
Theorem 20 The geometrical Einstein-like equations, which govern the
multi-time gravitational h-potential G of the multi-time Hamilton space MHnm,
have the following adapted local form:
(i) for m = dim T = 1, we have

−
R− S
2
h11 = KT11
Rij −
R− S
2
gij = KTij
−S
(i)(j)
(1)(1) −
R− S
2
h11g
ij = KT
(i)(j)
(1)(1)
0 = T1i, Ri1 = KTi1
0 = T
(i)
1(1), −P
(j)
i(1) = KT
(j)
i(1)
−P
(i)
(1)1 = KT
(i)
(1)1, −P
(i)
(1)j = KT
(i)
(1)j ;
(15)
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(ii) for m = dim T ≥ 2, we have

χab −
χ+R
2
hab = KTab
Rij −
χ+R
2
gij = KTij
−
χ+R
2
habg
ij = KT
(i)(j)
(a)(b)
0 = Tai, Ria = KTia
0 = T
(i)
(a)b, 0 = T
(j)
a(b)
0 = T
(j)
i(b), 0 = T
(i)
(a)j ,
(16)
where TAB , A,B ∈
{
a, i, (a)
(i)
}
represent the adapted components of the stress-
energy d-tensor of matter T.
Remark 21 In order to have the compatibility of the system of geometrical
Einstein-like equations, it is necessary the ”a priori” vanishing of certain adapted
components of the stress-energy d-tensor of matter T.
From a physical point of view, it is well known that in the classical Rieman-
nian theory of gravity, the stress-energy d-tensor of matter have to verify some
conservation laws. By a natural extension of the classical Riemannian conser-
vation laws, in our geometrical Hamiltonian context, we postulate the following
generalized conservation laws of the stress-energy d-tensor of polymomenta T:
T
B
A|B = 0, ∀ A ∈
{
a, i,
(a)
(i)
}
,
where TBA = G
BDTDA. Consequently, by straightforward computations, we
obtain
Theorem 22 The generalized conservation laws of the Einstein-like equa-
tions of the multi-time Hamilton space MHnm are expressed by the following
formulas:
(i) for m = dim T = 1, we have


[
R− S
2
]
/1
= Rr1|r − P
(1)
(r)1|
(r)
(1)[
Rrj −
R− S
2
δrj
]
|r
= P
(1)
(r)j|
(r)
(1)[
S
(1)(j)
(r)(1) +
R− S
2
δjr
] ∣∣∣(r)(1) = −P r(j)(1)|r,
(17)
where
13
Ri1 = g
iqRq1, P
(1)
(i)1 = h
11giqP
(q)
(1)1, R
i
j = g
iqRqj ,
P
(1)
(i)j = h
11giqP
(q)
(1)j , P
i(j)
(1) = g
iqP
(j)
q(1) S
(1)(j)
(i)(1) = h
11giqS
(q)(j)
(1)(1);
(ii) for m = dim T ≥ 2, we have


[
χ
f
b −
χ+R
2
δ
f
b
]
/f
= −Rrb|r[
Rrj −
χ+R
2
δrj
]
|r
= 0,
(18)
where
χ
f
b = h
fcχcb, R
i
j = g
iqRqj , R
i
b = g
iqRqb.
Open problem. The authors of this paper consider that the finding of
a possible real physical meaning of the present multi-time Hamiltonian geo-
metrical theories of gravity and electromagnetism may be an open problem for
physicists.
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